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Analytic calculation of B4 for hard spheres in even dimensions
N. Clisby∗ and B. M. McCoy∗
November 3, 2018
Abstract
We exactly calculate the fourth virial coefficient for hard spheres in even dimensions for D = 4, 6, 8, 10,
and 12.
Keywords: hard spheres, virial expansion.
1 Introduction
The virial series for the pressure
P
kBT
= ρ+
∞∑
k=2
Bkρ
k (1)
of the system of hard spheres with diameter σ in D dimensions specified by the two body pair potential
U(r) =
{
+∞
0
|r| < σ
|r| > σ (2)
has been studied for over 100 years. However, despite the long history of this problem, there are very few
analytic results known. The second virial coefficient is
B2 =
σDpiD/2
2 Γ(1 +D/2)
(3)
The third virial coefficient has been computed long ago for D = 2 [1] and D = 3 [2], and in arbitrary
dimension is compactly given as [3]
B3/B
2
2 =
4Γ(1 + D2 )
pi1/2Γ(12 +
D
2 )
∫ pi/3
0
dφ (sin φ)D (4)
For low dimensions these are given in Table 1.
However, B4 has been calculated analytically in only two and three dimensions
B4
B32
=
{
2− 9
√
3
2pi +
10
pi2 for D = 2[4, 5]
219
√
2
2240pi − 89280 + 41312240pi arctan
√
2 for D = 3[2, 6, 7]
(5)
and no further analytic results are known. An interesting discussion of the history of the calculation of B4
in three dimensions is given in [8].
We feel that for such a problem in pure geometry that tractable analytic results must exist. In this
paper we make a modest step toward verifying this by extending the analytic evaluation of the fourth virial
coefficient to even dimensions D ≤ 12.
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Table 1: The second and third virial coefficients as functions of dimension.
B3/B22
D B2 Exact Numerical
1 σ 1 1
2 piσ2/2 4
3
−
√
3
pi
0.782004 · · ·
3 2piσ3/3 5/8 0.625
4 pi2σ4/4 4
3
−
√
3
pi
3
2
0.506340 · · ·
5 4pi2σ5/15 53/27 0.414063 · · ·
6 pi3σ6/12 4
3
−
√
3
pi
9
5
0.340941 · · ·
7 8pi3σ7/105 289/210 0.282227 · · ·
8 pi4σ8/48 4
3
−
√
3
pi
279
140
0.234614 · · ·
9 16pi4σ9/945 6413/215 0.195709 · · ·
10 pi5σ10/240 4
3
−
√
3
pi
297
140
0.163728 · · ·
11 32pi5σ11/10395 35995/218 0.137310 · · ·
12 pi6σ12/1440 4
3
−
√
3
pi
243
110
0.115398 · · ·
In the Mayer formalism [9] the fourth virial coefficient is
B4 = −1
8
− 3
4
− 3
8
(6)
where each solid line represents the Mayer f function
f(r) = exp (−U(r)/kBT )− 1 (7)
which for the hard sphere potential reduces to
f(r) =
{ −1
0
|r| < σ
|r| > σ (8)
The second and third diagrams in this expansion have been evaluated in arbitrary dimension in [3, 10]. In
this paper we complete the computation in even dimensions for D ≤ 12 by evaluating the first diagram in
Section 2.
For virial coefficients of order greater than four it is much more efficient to use the expansion of Ree and
Hoover [11, 12] where in addition to the f bonds we also have bonds f˜(r) = 1 + f(r) which are represented
by dotted lines. In this notation every point is connected to every other point by either an f or an f˜ bond
and for B4 the virial coefficient is given by
B4 =
1
4
∅ − 3
8
(9)
where only the f˜ bonds are shown. The integral in the first term is identical with the integral in the first
term of Eq. 6 and we compute the second term from the three Mayer diagrams of Eq. 6 in Section 3. The
results for B4 and for the two separate Ree-Hoover diagrams are given in Table 2.
2 Analytical Calculation of the Complete Star Diagram
The complete star integral in the expansions of Eq. 6 and Eq. 9 is by definition
= lim
V→∞
1
V
∫
d
D
r1d
D
r2d
D
r3d
D
r4f(r12)f(r13)f(r14)f(r23)f(r24)f(r34)
=
∫
d
D
r1d
D
r2d
D
r3f(r12)f(r13)f(r23)f(r1)f(r2)f(r3) (10)
2
Table 2: Analytical results for the four point Ree-Hoover diagrams and B4 in even dimensions, with numerical
values.
D ∅/B3
2
/B3
2
B4/B
3
2
2 8− 12
√
3
pi
+ 8
pi2
4
√
3
pi
− 64
3pi2
2− 9
√
3
2pi
+ 10
pi2
2.194622724 · · · 0.043796999 · · · 0.532231807 · · ·
4 8− 18
√
3
pi
+ 238
9pi2
6
√
3
pi
− 4276
135pi2
2− 27
√
3
4pi
+ 832
45pi2
0.755462293 · · · 0.098718698 · · · 0.151846062 · · ·
6 8 − 108
√
3
5pi
+ 37259
900pi2
36
√
3
5pi
− 72151
1890pi2
2− 81
√
3
10pi
+ 38848
1575pi2
0.285880282 · · · 0.101618460 · · · 0.033363148 · · ·
8 8− 837
√
3
35pi
+ 5765723
110250pi2
279
√
3
35pi
− 77417239
1819125pi2
2− 2511
√
3
280pi
+ 17605024
606375pi2
0.114137690 · · · 0.082912284 · · · −0.002557687 · · ·
10 8− 891
√
3
35pi
+ 41696314
694575pi2
297
√
3
35pi
− 1044625732
22920975pi2
2− 2673
√
3
280pi
+ 49048616
1528065pi2
0.047194685 · · · 0.06069639 · · · −0.01096248 · · ·
12 8 − 1458
√
3
55pi
+ 88060381669
1344697200pi2
486
√
3
55pi
− 21249584434511
445767121800pi2
2− 2187
√
3
220pi
+ 11565604768
337702365pi2
0.020007319 · · · 0.041792298 · · · −0.010670281 · · ·
where rij = ri − rj. Specializing to the case of hard spheres we first note that f(r) ≡ f(|r|), and then we
treat the coordinates in Eq. 10 as follows: r1 is constrained to a unit ball centered on the origin due to f(r1),
r2 is integrated in the same ball with the additional condition that r12 ≡ |r12| =
√
r21 + r
2
2 − 2r1r2 cos θ < 1.
The r3 integral may be thought of as giving the overlapping hypervolume VD of D–dimensional unit balls
situated at the origin, r1, and r2, and this depends only on r1, r2, and the angle θ between r1 and r2. We
define VD as
VD(r1, r2, θ) = −
∫
dDr3f(r13)f(r23)f(r3) (11)
where the negative sign ensures that VD is positive. We may substitute this in to the expression for , and
then write r1 and r2 in D–dimensional spherical polar coordinates
= −
∫
dDr1d
Dr2f(r1)f(r2)f(r12)VD(r1, r2, θ)
= −
∫
dr1r
D−1
1
∫
dΩ
(1)
D−1
∫
dr2r
D−1
2
∫
dθ(sin θ)D−2
∫
dΩ
(2)
D−2
×f(r1)f(r2)f(r12)VD(r1, r2, θ) (12)
where the angular integrals give ΩD−1 ≡
∫
dΩD−1 = 2piD/2/Γ(D/2), which is valid for arbitrary D > 0,
including non-integer D. The integrand in Eq. 12 only depends on r1, r2, and θ, and we may integrate out
the other angles to obtain
= −ΩD−1ΩD−2
∫
dr1r
D−1
1
∫
dr2r
D−1
2
∫
dθ(sin θ)D−2
×f(r1)f(r2)f(r12)VD(r1, r2, θ) (13)
We now change coordinates from (r1, r2, θ) to the coordinate system (R,α, β) which is illustrated in Fig. 1.
The three points which were at the origin, r1, and r2 are now circumscribed by a circle of radius R; 2α and
2β are the angles subtended by r1 and r2 from the center of the circle.
r1 = 2R sinα
r2 = 2R sinβ
θ = pi − α− β (14)
Noting also that −f(r1)f(r2)f(r12) may only have the values of 0 and 1, we may absorb the f functions in
to the domain of integration and rewrite the triple integral of Eq. 13 as
4D
∫
dα
∫
dβ
∫
dRR
2D−1 [sinα sin β sin(α+ β)]D−1 VD(R,α, β) (15)
3
r2
1r
r1 =a
r2 r1 =c
r2 =b
R
R
R
θ
2γ
2α
2β
C
A
B
−
Figure 1: Change of variables.
pi
2
pi
2
pi
3
pi
3
β
αpi
pi
Figure 2: Domain of integration
for B4, where the shaded region
satisfies the condition α > β, γ.
We are required to integrate over all R, α, and β such that the distance between any two points is less
than one; denoting the sides opposite points A, B, and C on Fig. 1 as a, b, and c respectively we have
a = 2R sinα, b = 2R sinβ, and c = 2R sin γ. We choose to integrate over R before the angles α and β,
and we impose b, c < a < 1 which introduces an extra factor of 3. Therefore we must change the region of
integration from
0 < b < a (16)
0 < c < a (17)
0 < a < 1 (18)
to a domain for (R,α, β). The boundary of this region is found by setting inequalities 16 and 17 to equality,
with solutions:
α = β
α = pi − β
α = γ ⇒ β = pi − 2α
α = pi − γ ⇒ β = 0 (19)
This region is shown in Fig. 2. Finally, inequality 18 restricts R to the domain
0 < R <
1
2 sinα
(20)
The next step is to calculate the overlapping volume VD of the three hyperspheres for even dimensions
D = 2n, where n is an integer greater than or equal to 2. We do this in Appendix A, and the result for
R < 1 is denoted V <D and given in Eq. 40, while the result for R > 1 is denoted V
>
D and given in Eq. 41.
Throughout this paper we will adopt the convention that sums with index ξ are always over {α, β, γ}.
We will sketch the steps involved in the rest of the calculation, which were carried out using the computer
algebra platform MAPLE version 8 for n = 2, 3, 4, 5, 6. The first step is to perform the integral over R, where
we notice from inequality 20 that we may only have R > 1 when α > 5pi6 . Ignoring for the moment factors
not involving R in Eq. 15, we therefore need to calculate
I2 =
∫ 1/2 sinα
0
dR R4n−1V <D α <
5pi
6
(21)
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and
I3 =
∫ 1
0
dR R4n−1V <D +
∫ 1/2 sinα
1
dR R4n−1V >D α >
5pi
6
(22)
One of the integrals we will need to do is∫
dR R
4n−1
(
arccos(R sin ξ)−R sin ξ
√
1−R2 sin2 ξ
)
=
1
4n
R
4n
(
arccos(R sin ξ)−R sin ξ
√
1−R2 sin2 ξ
)
+
1
2n
∫
dR R
4n sin ξ
√
1−R2 sin2 ξ (23)
and thus the only non-trivial parts of the integral are in the form
∫
dR R2lUm+
1
2 with the shorthand notation
U = 1−R2 sin2 ξ. We substitute
R2 = [1− (1−R2 sin2 ξ)]/sin2 ξ everywhere, and this leaves us only to perform integrals such as∫
dR Uj+
1
2 =
√
U
2(j + 1)
{
Uj +
j−1∑
k=0
(2j + 1)(2j − 1) . . . (2j − 2k + 1)
2k+1j(j − 1) . . . (j − k)
Uj−k−1
}
+
(2n+ 1)!! arcsin(R sin ξ)
2j+1(j + 1)! sin ξ
(24)
We may replace γ everywhere in this expression by β, as we are integrating over a region that is symmetric
in β and γ. After doing this and substituting in the limits of integration, we are left with terms involving
[1− sin2 β/(4 sin2 α)]1/2 and arcsin[sinβ/(2 sinα)], along with functions of the form x−mP (x) where m is
an integer, P (x) is a polynomial, and x may be either sinα or sinβ. We now make the change of variables
x = sinα, y = sinβ, and so the α and β integrals become∫
dα
∫
dβ [sinα sin β sin(α+ β)]2n−1
=
∫
dx
1√
1− x2
∫
dy
1√
1 − y2
x2n−1y2n−1
[
x
√
1− y2 ± y
√
1− x2
]
2n−1
=
∫
dx
x2n−1√
1− x2
∫
dy
y2n−1√
1 − y2
2n−1∑
j=0
(2n − 1
j
)[
x
√
1− y2
]j [
±y
√
1− x2
]
2n−1−j
=
n−1∑
j=0
(2n− 1
j
)∫
dx x2n−1
∫
dy y2n−1
[
±
[
x2(1− y2)
]j [
y2(1− x2)
]n−1−j
y√
1 − y2
+
[
y2(1− x2)
]j [
x2(1− y2)
]n−1−j
x
√
1 − x2
]
The ambiguous sign is + when α < pi2 and − when α > pi2 . Under the change of coordinates [1 −
sin2 β/(4 sin2 α)]1/2 becomes [4x2 − y2]1/2/(2x), and so naively it appears that we have to compute el-
liptic integrals of the form
∫
dz
√
t2 − z2/√1− z2 and then use identities for elliptic integrals to reduce the
final result to a simple form. However, by splitting the final integrals over x and y for in to the pieces
±
∫
dx x
2n−1
∫
dyy
2n−1 [
x
2(1− y2)
]j [
y
2(1− x2)
]n−1−j y√
1− y2
(I2 or I3)
+
∫
dx x
2n−1
∫
dy y
2n−1 [
y
2(1− x2)
]j [
x
2(1− y2)
]n−1−j x√
1− x2 (I2 or I3)
we avoid this. The first integral may be completed straightforwardly by first integrating over x, and then
when one substitutes in the limits of integration this eliminates any elliptic integrals. The integral over y
may now be performed without requiring any elliptic functions. Conversely, the second integral is completed
5
by first integrating over y and subsequently over x. Thus one can see that for any even dimension all integrals
that must be performed are elementary.
So we obtain the results of Table 2 by carrying out this procedure for D = 4, 6, 8, 10, and 12 using
MAPLE.
3 Analytic derivation of the Ree-Hoover ring diagram
The second and third Mayer diagrams have been found in terms of integrals over Bessel functions and
hypergeometric functions by Luban and Baram [3]. The Mayer ring diagram is given by
=
2D+4
pi
Γ(1 +D)
[
Γ(1 + D2 )
]3
Γ(1 + 3D2 )
[
Γ(32 +
D
2 )
]2 3F2
(
1
2
, 1,
1−D
2
;
3 +D
2
,
3 +D
2
; 1
)
while the second Mayer diagram is given in [3] as
= −2D+1D3[Γ(D/2)]2
∫ 2
0
dy y
[
gD/2(y)
]2
where
gν(y) =
∫ ∞
0
dx x−ν [Jν(x)]
2
Jν−1(xy)
Other expressions for these diagrams were given in [3, 10], but MAPLE was straightforwardly able to evaluate
these expressions for dimensions one through twelve, and these are listed Table 3. The second diagram of
the Ree-Hoover expansion was then obtained from the equation
= + 2 + (25)
Table 3: /B32 and /B
3
2 in dimensions up to twelve.
D /B32 /B
3
2
1 − 143 163
2 −8 + 8
√
3
pi +
20
3pi2 8− 1283pi2
3 − 63473360 272105
4 −8 + 12
√
3
pi +
173
135pi2 8− 8192135pi2
5 − 2083091324600576 40163003
6 −8 + 72
√
3
5pi − 19322937800pi2 8− 65536945pi2
7 − 87059799799217947045888 296272415701
8 −8 + 558
√
3
35pi − 766678817276500pi2 8− 1342177281819125pi2
9 − 3326478032647071711029608251392 12344483187041
10 −8 + 594
√
3
35pi − 9653909654885pi2 8− 174483046422920975pi2
11 − 8650350215704584598949618140032008192 55565456260468169
12 −8 + 972
√
3
55pi +
182221984415
10188962784pi2 8− 431214716518455720890225pi2
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A Calculation of VD in even dimensions
For D = 2 the calculation of VD is straightforward as the r3 integral is confined to the same plane as the
three circle centers and trivially gives the area of intersection of the three circles of radius r = 1. Although
we will neglect the details for the moment, the area depends on R, α, and β and we will denote this as
A(r = 1, R, α, β).
As shown in Fig. 3, for D = 3, we define the perpendicular distance from the plane of the circle centers
to be h; h = 0 is the original plane in which we see three intersecting circles of radius one. As we increase
h we see overlapping circles with the same center but decreasing radius, with the radii of these circles given
by r =
√
1− h2 (see Figs. 4 and 5). The total volume of intersection may be obtained by integrating the
overlapping area of the three circles with respect to h, from h = 0 to the value hmax where the intersection
of the three circles is reduced to a single point. There is an additional factor of two because we need to
integrate both above and below the plane.
V3(R,α, β) = 2
∫ hmax
0
dhA(r, R, α, β)|r=√1−h2
= 2
∫ 1
rmin
dr
r√
1− r2A(r, R, α, β) (26)
h
✻
Figure 3: Intersecting three dimensional spheres.
For the general case of D > 3, we choose a spherical polar coordinate system for the D − 2 dimensional
subspace with radial coordinate h; there is an extra factor of hD−3 compared to three dimensional case, and
we now need to perform an additional trivial angular integration, ie
VD(R,α, β) =
∫ hmax
0
dhhD−3
∫
dΩD−3A(r, R, α, β)|r=√1−h2
= ΩD−3
∫ hmax
0
dhhD−3A(r, R, α, β)|r=√1−h2
= ΩD−3
∫ 1
rmin
dr r(1 − r2)(D−4)/2A(r, R, α, β) (27)
Although Eq. 27 breaks down for D ≤ 2, note that it is correct for D = 3 as Ω0 = 2.
As the area of intersection may be bounded by arcs from either two or three circles, we will need to deal
with two different expressions for the area, and three different cases for VD. In Fig. 3 we have R < 1 and
7
Figure 4: Circles produced by
cutting intersecting spheres at
h = 0, h = 1/
√
2, and h =√
1−R2 = √3/2, where circle
centers form an acute angled tri-
angle.
Figure 5: Circles produced by
cutting the intersecting spheres
at h = 0, h = 1/
√
2, and h =√
1−R2 = √3/2. In this case
the circle centers form a trian-
gle with an obtuse angle and the
area of intersection will be non-
zero even for h >
√
1−R2.
α < pi2 in which case the area is bounded by three arcs over the full range of r, while in Fig. 5 we have R < 1
and α > pi2 for which the area is bounded by three arcs for R < r < 1, but by two arcs for R sinα < r < R.
When R > 1 the area can only have two arcs for its boundary, and this is the third case.
Provided the overlapping region is bounded by arcs from three circles, the area of overlap may be
calculated by an inclusion-exclusion method following the method used for the overlapping volume of 3
spheres in [13]. The area of intersection of three circles of radius r is given by
A(3)(r, R, α, β)
= (Area of △ABC) −
∑
Ai={A,B,C}
(Area of sector within circle Ai)
+
1
2
∑
{Ai,Aj}
(Area of intersection of circles Ai and Aj)
=
1
2
R2(sin 2α+ sin 2β + sin 2γ)− 1
2
r2(α+ β + γ)
+
∑
ξ
(
r2 arccos
(
R sin ξ
r
)
−R sin ξ
√
r2 −R2 sin2 ξ
)
= R2
∑
ξ
sin ξ cos ξ − 1
2
pir2
+
∑
ξ
(
r2 arccos
(
R sin ξ
r
)
−R sin ξ
√
r2 −R2 sin2 ξ
)
(28)
The different contributions to Eq. 28 are shown explicitly in Fig. 6, and one should also note that although
expressions are written in terms of α, β, and γ for the sake of simplicity, these variables are not independent
and α+ β + γ = pi. The overlap of two circles of radius r separated by a distance R sinα is given by
A(2)(r, R, α) = 2
(
r2 arccos
(
R sinα
r
)
−R sinα
√
r2 −R2 sin2 α
)
(29)
We may obtain this expression from Eq. 28 by taking the limit r → R+ when α > pi2 . Thus the three
expressions for VD are
VD
ΩD−3
=
∫ 1
R
dr r (1− r2)(D−4)/2A(3) α < pi
2
(30)
VD
ΩD−3
=
∫ 1
R
dr r (1− r2)(D−4)/2A(3)
8
AB
C A
B
C A
B
C
(a) (b) (c)
Figure 6: The different kinds of contributions to the inclusion-exclusion formula for the area of intersection
of three circles: (a) Area of △ABC (b) Area of sector A (c) Half of the area of intersection of circles A and
B.
+
∫ R
R sinα
dr r (1 − r2)(D−4)/2A(2) α > pi
2
R < 1 (31)
VD
ΩD−3
=
∫ 1
R sinα
dr r (1− r2)(D−4)/2A(2) α > pi
2
R > 1 (32)
We will now specialize to the case where D = 2n, where n is an integer greater than or equal to 2. By
defining
I1(r, ξ) ≡
∫ r
0
dr r
3(1− r2)n−2
[
arccos
(
R sin ξ
r
)
− R sin ξ
r
√
1−
(
R sin ξ
r
)2]
and integrating out the remaining pieces, we have for α < pi/2, R < 1:
VD
ΩD−3
=
∫ 1
R
dr r(1− r2)n−2
[
R
2
∑
ξ
sin ξ cos ξ − 1
2
pir
2
]
+
∑
ξ
(I1(1, ξ)− I1(R, ξ))
= − (1−R
2)n−1
2(n− 1) R
2
∑
ξ
sin ξ cos ξ +
(
(1−R2)n
2n
− (1−R
2)n−1
2(n− 1)
)
pi
2
+
∑
ξ
(I1(1, ξ)− I1(R, ξ))
while for α > pi/2, R < 1:
VD
ΩD−3
= − (1−R
2)n−1
2(n− 1) R
2
∑
ξ
sin ξ cos ξ +
(
(1−R2)n
2n
− (1−R
2)n−1
2(n− 1)
)
pi
2
+
∑
ξ
(I1(1, ξ)− I1(R, ξ)) + 2(I1(R,α)− I1(R sinα, α))
= − (1−R
2)n−1
2(n− 1) R
2
∑
ξ
sin ξ cos ξ +
(
(1−R2)n
2n
− (1−R
2)n−1
2(n− 1)
)
pi
2
+
∑
ξ
I1(1, ξ) + I1(R,α)− I1(R,β) − I1(R,γ)− 2I1(R sinα, α))
and finally for α > pi2 , R > 1:
VD
ΩD−3
= 2(I1(1, α)− I1(R sinα, α))
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Integrating I1 once by parts
I1(r, ξ) =
[
(1− r2)n−2
2n
− (1− r
2)n−1
2(n− 1) +
1
2n(n− 1)
]
×
[
arccos
(
R sin ξ
r
)
− R sin ξ
r
√
1−
(
R sin ξ
r
)2]
−
n−2∑
j=0
(−1)j
j + 2
(
n− 2
j
)∫ r
0
dr r
2j+1
R sin ξ
√
r2 −R2 sin2 ξ
=
[
(1− r2)n−2
2n
− (1− r
2)n−1
2(n− 1) +
1
2n(n− 1)
]
×
[
arccos
(
R sin ξ
r
)
− R sin ξ
r
√
1−
(
R sin ξ
r
)2]
−
n−2∑
j=0
(−1)j
j + 2
(
n− 2
j
)
×
∫ r
0
dr r((r2 −R2 sin2 ξ) +R2 sin2 ξ)jR sin ξ
√
r2 −R2 sin2 ξ
=
[
(1− r2)n−2
2n
− (1− r
2)n−1
2(n− 1) +
1
2n(n− 1)
]
×
[
arccos
(
R sin ξ
r
)
− R sin ξ
r
√
1−
(
R sin ξ
r
)2]
−
n−2∑
j=0
j∑
k=0
(−1)j
j + 2
(
n− 2
j
)(
j
k
)
(R sin ξ)2j−2k+1
×
∫ r
0
dr r(r2 −R2 sin2 ξ)k+ 12
=
[
(1− r2)n−2
2n
− (1− r
2)n−1
2(n− 1) +
1
2n(n− 1)
]
×
[
arccos
(
R sin ξ
r
)
− R sin ξ
r
√
1−
(
R sin ξ
r
)2]
−
n−2∑
j=0
j∑
k=0
(−1)j
j + 2
(
n− 2
j
)(
j
k
)
(R sin ξ)2j−2k+1
× (r
2 −R2 sin2 ξ)k+ 32
2k + 3
(33)
where we have used ∫ r
0
dr r3(1 − r2)n−2 =
∫ r
0
dr r(1 − (1 − r2))(1− r2)n−2
= − (1− r
2)n−1
2(n− 1) +
(1 − r2)n
2n
+
1
2n(n− 1)
=
1
2
n−2∑
j=0
(−1)j
j + 2
(
n− 2
j
)
r2j+4 (34)
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and
d
dr

arccos(R sin ξ
r
)
− R sin ξ
r
√
1−
(
R sin ξ
r
)2
=
2R sin ξ
r2
√
1−
(
R sin ξ
r
)2
(35)
Substituting in the limits of integration, r = 1
I1(1, ξ) =
1
2n(n− 1)
[
arccos(R sin ξ)− R sin ξ
√
1− R2 sin2 ξ
]
−
n−2∑
j=0
j∑
k=0
(−1)j
j + 2
(n− 2
j
)(j
k
)
(R sin ξ)2j−2k+1
(1 −R2 sin2 ξ)k+
3
2
2k + 3
(36)
Substituting r = R
I1(R, ξ) =
[
(1 −R2)n−2
2n
− (1− R
2)n−1
2(n − 1)
+
1
2n(n− 1)
]
×
[
arccos(sin ξ)− sin ξ
√
cos2 ξ
]
−
n−2∑
j=0
j∑
k=0
(−1)j
j + 2
(n− 2
j
)(j
k
)
(R sin ξ)2j−2k+1
R2k+3(cos2 ξ)k+
3
2
2k + 3
= sgn
(
pi
2
− ξ
){[
(1− R2)n−2
2n
− (1− R
2)n−1
2(n− 1)
+
1
2n(n− 1)
]
×
[
pi
2
− ξ − sin ξ cos ξ
]
−
n−2∑
j=0
j∑
k=0
(−1)j
j + 2
(n− 2
j
)(j
k
)
R2j+4(sin ξ)2j−2k+1
(cos ξ)2k+3
2k + 3
}
= sgn
(
pi
2
− ξ
)
I<(R, ξ) (37)
which defines I<(R, ξ). Substituting r = R sin ξ
I1(R sin ξ, ξ) = 0 (38)
Substituting I1(R, ξ) = sgn(
pi
2 − ξ)I<(R, ξ) in to VD, we notice that the two cases of α < pi/2 and
α > pi/2 with R < 1 reduce to the same form, which we will denote as V <D . Similarly V
>
D denotes the volume
of overlap when R > 1.
V <D
ΩD−3
= − (1−R
2)n−1
2(n− 1) R
2
∑
ξ
sin ξ cos ξ +
(
(1−R2)n
2n
− (1−R
2)n−1
2(n− 1)
)
pi
2
+
∑
ξ
(
I1(1, ξ)− I<1 (R, ξ)
)
R < 1
V >D
ΩD−3
= 2I1(1, α) R > 1 (39)
Finally, by substituting the expressions for I1 and using α+ β + γ = pi we obtain for R < 1:
V <D
ΩD−3
=
1
2n(n− 1)
∑
ξ
(
arccos(R sin ξ)−R sin ξ
√
1−R2 sin2 ξ
)
11
−
∑
ξ
n−2∑
j=0
j∑
k=0
(−1)j
j + 2
(
n− 2
j
)(
j
k
)
(R sin ξ)2j−2k+1
(1−R2 sin2 ξ)k+ 32
2k + 3
+
∑
ξ
n−2∑
j=0
j∑
k=0
(−1)j
j + 2
(
n− 2
j
)(
j
k
)
R
2j+4(sin ξ)2j−2k+1
(cos ξ)2k+3
2k + 3
+
[
− (1−R
2)n
2n(n− 1) +
1
2n(n− 1)
]∑
ξ
sin ξ cos ξ − 1
2n(n− 1)
pi
2
(40)
and for R > 1:
V >D
ΩD−3
=
1
n(n− 1)
(
arccos(R sinα) −R sinα
√
1−R2 sin2 α
)
−2
n−2∑
j=0
j∑
k=0
(−1)j
j + 2
(
n− 2
j
)(
j
k
)
(R sinα)2j−2k+1
× (1−R
2 sin2 α)k+
3
2
2k + 3
(41)
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